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Dense phases of micellar aggregates have strong molecular correlation at two different levels: that of the
molecules forming a micelle and that between micelles, leading to a possible phase transition from a micellar
fluid to a micellar crystal. The global phase diagram may also include lamellar and other dense phases, which
do not have a micellar structure. We present here a generic approach to deal with these systems through a
two-level density-functional description, to first describe an isolated micellar aggregate and then the dense
micellar system, obtaining the free energy in a self-consistent way from the molecular interactions. Nonmi-
cellar dense phases are included with the same density-functional approach applied at the first level. The results
are shown to be very accurate for a one-dimensional model with exact solution, and the method is then applied
to a three-dimensional amphiphile model that had been successfully used to describe the properties of diluted
amphiphile solutions.

PACS numbes): 87.16.Dg, 87.16.Ac, 64.98b, 05.70-a

[. INTRODUCTION line Q. (T,u)=0 in the thermodynamic space. In a previous
paper[4] we analyzed a simple model in one dimension
Amphiphilic molecules in water solution organize them- (1D), which presented some qualitative features in common
selves in micellar structures: dropletlike clusters made ofvith amphiphilic systems: the existence of molecular aggre-
N,,~ 10° molecules, with their polar heads in the surface andgates with a well-defined preferential size and structure, as
their hydrophobic tails in the interior. The “critical micellar the result of pair molecular interactions and internal degrees
concentration”(CMC) is a quasiphase transition, when the of freedom. The model has an exact solution for the equilib-
system goes from a diluted solution of single molecules to aium properties, and the results were compared with those
diluted solution of micelles, as the loss of entropy and thegiven by approximations that are feasible to use with more
decrease of the energy to form the micelles are balancegalistic models. The main result was a prescription for the
[1,2]. The description of the CMC and the properties of theprefactorv,,, consistent with the approximation used to cal-
micellar dilution have been studied with many different culateF,,,
models, phenomenological and microscof8¢, to estimate
the “internal” Helmholtz free-energy exce$s,, and grand- Fm—Em
potential excess) (T, u)=F,— uN,,, of a single micelle vm=T exp( —B N, ) )
in a bath of amphiphile at a chemical potentialand tem-
peratureT. The concentration of micelles is then predicted towhereE,, is the cohesion energy of a micelle, i.e., its internal
be energy excess, afddis the unit cell volume used to measure
the configurational phase spaceHrp,. Although the prefac-
tor I' in Eq. (3) is a convenient way to give,, its units of
volume, it was shown4] thatv,, andp,, in Eq. (1), are
independent of the value @f, as it should be for any struc-
with the usual3=(kgT) 1. This expression implies the tural property in classical statistical mechanig$ The ex-
treatment of the diluted solution of micelles as an ideal gasess free energl,, has always a dependence Bnwith the

1
pmzaexp(—ﬂﬂm), (1)

of particles, with Helmholtz free energy per volume, form kTN, log(I'), which cancels out that prefactor. In the
following results forBF,,, Bf., andBu we have taked
Btia(pm) = pml109(pmv m) — 1+ BF ], (2) =0 for the 1D model and"= o for the 3D model.

_ In this paper we address the question of the “dense
whereF;, plays the role of the “internal energy” per par- phases,” in which the density of aggregaieg, becomes
ticle and the prefactow,, in Eq. (1) is the “unit cell” vol-  too large to neglect their interactions. The treatment of the

ume in the ponfigurational space of position for thg micellessystem in terms of the micellar density may still be appro-
The “chemical balance™ between micelles and their compo-priate, but with a Helmholtz free energy

nent molecules,u,=dfiq(pm)!/ dpm=Nnu, leads directly

from Eq.(2) to Eq.(1). f(pm)=fia(pm) +AT(pm), 4
There has been some confusion about the valug,aind

its dependence on the micellar size, but the dependence ofcluding the excesdf over the ideal-gas contributiof2).

pm ONT and u is given mainly by the exponential factor in The main contribution of the interaction to the free energy

Eq. (1), so that the CMC is associated to the vicinity of the comes from the excluded volume, which may be included by
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treating the micelles as hard bodies. With such free energy
we should be able to describe dense micellar fluids and theil [OHO] O]
phase transition to micellar crystals. The thermodynamic sta-
bility of these dense micellar phases has to be compared witt
othgr condensed structures,pin which the moleculgs do no TS A A= A=HSH A A=
keep the micellar organization: lamellar and hexagonal
phases may be regarded as packed structures of two- an JOJofoJofojoHoHoo[ojoofo[olo]oHo
one-dimensional aggregates, respectively, while bicontinu-
ous or inverse-micelle structures cannot be decomposed in
independent elements. FIG. 1. Sketch of particular configurations of our 1D system for
As a first step we analyze here the results of a simple 1=5. The circle indicates that the molecule has an internal variable
model, which share some qualitative features with thesé="0 and the arrows indicate the other five possibles valugs@h
complex systems. Our aim is to test the accuracy of thid/PPer: a dllutgd gas. On_mlddle: fI_U|d of micelléfsrmed by rods
statistical mechanics description at two separated levels J¥ith ordered internal variables, going from 11g. On lower: the
structure: the molecular level, with the molecules building upd€nse phase.
the micellar aggregates, and the level of the micellar corre-
lation structure. We then use the same procedure to studyR{evious papef4], with a CMC-like smooth transition from
3D continuous model for a system of amphiphilic moleculesa very diluted 1D gas of uncorrelated rodsith random
in water[6]. This minimal model considers only the distri- values of the internal variablg), to an ideal gas of aggre-
bution of the amphiphile, without internal degrees of free-gates made byn rods with ordered values @ This CMC,
dom other than the orientation of the head-tail direction. Thedefined as the concentration where there are as many isolated
model contains the essential features to represent differefftolecules as molecules forming parts of micelles, is located
. H o B _ 2
types of molecular aggregatgg] (planar bilayer membranes, around the chemical potential= —C—KkT log[ mA“/(4/5C)]
bilayer vesicles and micellgsit gives a good description of and is independent of the hard-core size. At intermediate
the elastic constan{g] and also of the properties of mixed densities the packing constrains between the aggregates be-
surfactant systemg8]. The density-functional treatment come important, but their internal structure is maintained: the
checked in 1D allows us to obtain the global phase diagram$ystem becomes a dense 1D fluid madenebd aggregates.
in terms of the parameters used to model the molecular inTheir optimal structure needs a separation of abwt
teractions. +(m—1)A/2 between two aggregates, the effective interac-
tion between aggregates being a soft repulsion since the ag-
Il. THE 1D MODEL gregates may be compressed beyond their optimal structure,
at the price of reducing their cohesive energy. Moreover,
Our 1D model is an extension of that used to explore thehere is a qualitatively different state, formed by molecules
CMC at low density[4], and based on previous models for with internal variable= 0, which has to become relevant at
associating 1D fluid§9,10]. The molecules move along the high density, because it reduces the hard-core lengito
X axis, with coordinates; , ;>Xx; kept in order by hard-core <.
repulsions, and they have an internal variagjle taking in- We may compare the system with a solution of amphiphi-
teger values from O to. The molecular hard core has length |ic molecules in water. At low concentration there is a CMC,
oo when the internal variable i§=0 and larger lengthr ~ where the system changes from an ideal solution of mol-
otherwise. There is a soft interaction potential betweerecules(with random positions and orientation® an ideal
neighbor molecules, with relative positior=x;—x;;; and  solution of micellegformed by molecules with strongly cor-

with internal variables; , &, 1 with the form: related positions and orientationéncreasing the concentra-
AC tion, the system behaves as a dense fluid of micelles, and at
X)= 2 (X— ) (X—o—A), 5 still higher concentra_ttlon. the packing of the spherical mi-
¢(x) AZ( 7)(x=0=4) ©) celles becomes too inefficient and the system changes to a

qualitatively different molecular organization, like a lamellar
if osx<o+A and I=§=¢.,—1<=m~1, and null other-  phase. This is represented in our model by the tendency to
wise. This potential energy acts only between molecules Witha”gn" the molecules along thé=0 “direction,” breaking
consecutive values of the internal variable and it has a minithe micellar structure and creating a dense phase with a
mum value—C, when the molecules are separated by a disgualitatively different structure, as sketched in Fig. 1.
tancex=o+A/2 (with A<c). This produces an optimal  |n the isothermal-isobaric ensemble the chemical potential
cluster formed bym rods, with internal variablegy=1,  of the model is exactly given b8 (T, p) =10g(\ma), Where

§k41=2, ... Ekym-1=m. The noncyclic character of the ) (T p) is the largest eigenvalue of transfer matri,
internal variable prevents the growth of clusters beyond thisyith elements given by the Laplace transform

size(see Fig. L The internal variable valué=0, which has
the best packing efficiency, is excluded from these clusters. M, = fx
&E T

. gy)dxexp{— BIPX+ d(X)dgrev1ly,  (6)

A. The exact solution

We explore the low-temperature behavior of the modelwhere o(£,£') is the minimum distance between neighbor
with BC>1. At low density the packing constrains are irrel- rods with internal variableg and¢’ (i.e., the half-sum of the
evant and the model reproduces the behavior obtained in ogrdependent hard-core lengihs
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fluid and some kind of hexagonal or lamellar phases. On the
other hand, no exact result would be available for the mod-
els, so that we should rely on approximate treatments.

B. The mean-field treatment

We try now the description of the same one-dimensional
model within a mean-field density function@F-DF) ap-
proach[6] that may be used for more realistic models of

amphiphilic molecules, for which no exact solution is avail-
able. The idea is to describe the molecular aggregates by the
local minima of the grand-potential energ¥)=F[p]
—uN, where F[p] is a density-functional approximation
that includes the short-range molecular correlation structure
but not the many-body long-ranged correlations required to
describe the “micellar” aggregates in an exact analysis of

p a the system. There is always a local minimum(bfyiven by

a homogeneous background densiby(w), which repre-

FIG. 2. Equation of state of our 1D model, f@C=20, A  Sents the diluted solution of uncorrelated molecules, with

=0.1, andoy/0=0.9. The pressure and the density are pre-  P(X,§)=po/(m+1). For values of the chemical potential

sented in dimensionless form with the appropriate factorggof near the CMC and higher, we may find other local minima

=(kgT) " ando. The solid line is the exact result, the dashed linerepresenting self-maintained local inhomogeneities, with a

is a mean-field approximation. The inset shows the CMC region, adensity distributiorp(r) going asymptotically tgq but with

which the system goes from an ideal gas of r@iistted linegto an ~ an excess number of particleN,,, and free energyf,,,

ideal gas of micellesdashed lingson increasing the density. which corresponds to the MF-DF description of the molecu-

) lar aggregates. The system is then analyzed with a “second

The exact equation of state, f@C=20, A=0.1, and |eye|” of statistical mechanics, including the entropy associ-

0o/0=0.9, is presented in Fig. 2. As expected, our 1D SySyte( to the location of the micelles, which was not included

tem has no phase transition, the changes between the diffef; the ME-DE description.

ent molecular arrangements are gradual. The CMC is located v 1D model is treated with the Helmholtz free-energy

i ~10 551 i : : : . :
around a densitpcyc~10""0 7, and it has the same char- fnctional of the local density of particles with each possible
acteristics as described in our previous pdgérbecause the 51ue of the internal variable

changes in the hard-core size are irrelevant at low density.
The exact correlation structure in the system may also be
obtained and shows that for 16<pc<0.95 most mol-
ecules form micelles and the structure of these micelles is
very close to the optimal aggregate: consecutive values of X (X' —X)p(X, &) p(X' E+1), 7
&, from 1 tom, and a neighbor distance closeae- A/2. At
intermediate densities there is an increasing tendency, due whereF [ p] is the exact DF of the hard-rod mixture fluid
the packing effects, to compress the micellgiving shorter and the second term is the mean-field approximation for the
intermolecular distancgésand to have neighbor molecules attractive interactions.
with the same value of the internal variable, so that they At low temperature and background densipg(u) <1,
cannot form part of a perfect micelle. With the parametershe local minima of this free-energy density functional are
given above, these effects produce the shoulder shown well represented within the variational family:
Fig. 2, with a rather flat region foBpo~130. We may
interpret this plateau as the 1D signature of what in higher i a;\ 12 )
dimension could be a first-order phase transition between aP(*%:§)= m+190(r“)+i§1 5&(? exp — ai(x—xi)7]
dense micelle fluid and a crystalline phase with a long-range- 8
order very different from the molecular order in the micelles.
At the lower border of the plateapo~0.95, the correlation with N,,=m and where the Kronecker delta ensures that
structure shows that most molecules form part of a micellepach Gaussian peak is made of molecules with the correct
while at the high-density endho~1.1, most of the mol- value of £ to build a “micelle.” Within this variational ap-
ecules form part of “lamellar” clusters, large groups of mol- proach the results fof,, andv,, are analytic and indepen-
ecules with the same value of the internal varialfle;0.  dent of the chemical potential:
Along the plateau we find the two kinds of correlation struc-
tures combined in different amounts.

Changing the values of the parametgG, A, andoy/o
changes the location and the size of the plateau but with the
same interpretation as a quasiphase transition between tvind

phases with very different structures. For more realistic mod- 12
e
1/n
2 88C

100f

0 Il 1 1 ]
0.8 0.9 10 1.1 12

m-1 X+o+A
F[p(x,§>]=Fh,[p]=2f dxf dx’
&=1 —o0 X+ o

85C
a2 @

BFmn=—(m—=1)BC+ glog

els in three dimensions we could expect a true phase transi-

i X g . (10)
tion, or even series of phase transitions, between the micellar
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leading to a prediction of the CMC close to the exact result,
as in our previous papé4]. To extend the MF-DF treatment
to the dense “micelle fluid,” we may represent the micelle-
micelle interaction by an effective hard core with the same
second virial coefficient as the interaction potential between

two micelles, which gives
1 a
V48C

where the term in brackets takes into account that the com-
pression of the “micelles” may reduce their effective size to
a length slightly shorter than the optimal size.

This representation of the micellar interactions as hard
cores leads to a simple form for the free energy of a micellar

fluid: p o

Bt m(pm) = pul 10g(prvm) =1+ BFm=10g(1 = pmom) ], FIG. 3. Dimensionless free-energy density of our 1D model.
) Solid line: exact result. Dashed lines: mean-field approximation for

. . : . the “micellar” phase(at low densities and the “dense phase,”
which recovers Eq(2) in the diluted regimewhen pmom both joined by a double-tangent constructi¢indistinguishable

<1) but also includes the main effects of the repulsion be—from the exact result at this magnification
tween micelles. The equation of state for the micellar fluid, g
above the CMC, is then given by

m—1
Op=Mo+——A

5 SGEY

00 02 04 06 0.8 1.0 1.2

approximationsf ,(mp) and f|(p) in the intermedium and
Pm high-density regimes, respectively. The result shows that
Bpm:ﬁ (13)  f(mp) is an excellent approximation to the ex&¢p) up to
PmTm po~0.96 whilef,(p) is indistinguishable from the exact re-

and the comparison with the exact equation of stétg. 2) sults for po=<1.1. In the region between these two values
gives a very good agreement up to densities aroundo9.96 Poth fr(mp) andf,(p) separate from the exaéfp) but the
including the sharp rise of the pressure when the total densitfouble tangent straight line between the two approximations
approaches the nominal maximum within the approximationfémains very close to the exact result. The results of the
p=mpy—Mmla,, at which the micelles would be fully approxmatlon for the equation of state are also presented in
packed. In the exact result we may reach higher densities bfyi9- 2; the nearly flat plateau presented by the exact pressure
compressing the micelles beyond their optimal size or havind® @Pproximated by the phase coexistence between the dense
molecules with internal variablé=0, which cannot form  micellar” fluid and the denser “lamellar” phase.

part of micelles but have a shorter hard-core lenggh The There is clearly a good agreement between the general
later type of configurations may also be found within thetrend shown by the exact result a_nd the combln(_ad results of
MF-DF free energy(7) as a homogeneous dense phase iﬁhe_ MF-DF approac_h. The Iafcer includes two different de-
which all the molecules havé=0 so that it behaves as a scr|pt|0r_ls for the “m|cellgr” fluid and the “lamellar” phas_e.
hard-rod fluid, which has lost the entropy associated to "€ “Micelles” are studied through a “two-levels” statis-
changes of the internal variabfeand also the binding energy tics; at the first level an |spI§ted molecular ag_gregated}s
associated to the formation of micelles but has gained erf€Presented by the local minima of the mean-field density

tropic stability by the reduction of the hard cores. The freefunctional F[p], to give its microscopic structure, excess
energy for this “lamellar” phase in our model is obtained fré€ energy, number of molecules, and size. At the second

from the same free-energy density functiori@l with the level of the statistics we include the entropy associated to the

density distributionp(x, &) = 6, gp: location of the aggregateéncluding their packing con-
’ & straintg. On the other hand, the “lamellar” phase is studied

Bfi(p)=p[log(po)—1—log(1—poy)] (14) directly at a “one-level” statistics, as a macroscopic phase
described with the same free-energy functioR@p]. The
and the equation of state is mixture of the two description levels, to get the overall be-

havior of these systems, is the underlying idea in the descrip-
tion of amphiphilic systems with most phenomenological
theories[3], however, in any practical implementation of
those approaches there are always uncertainties related to the
Within the MF-DF description the “micellar fluid” and the separation of degrees of freedom for the two levels of statis-
“lamellar” phase are separated thermodynamic phasess tics. The MF-DF gives a self-consistent approach to the
they would indeed be in a real 3D amphiphilic sysieemd  problem, with a clearly cut level of approximation at the first
the phase transition between them is found by the usudével and a consistent recipe for the link between the two
double tangent construction between the free energielevels, through the parametdts,, v,,, ando,,. The simple
fm(mp) andf,(p), as given in Eq(12) and Eq.(14). Figure 1D model used here presents qualitative features similar to
3 compares the exact free energy per unit length with théhose of real amphiphilic systems, and its exact solution al-

Bpa(p)= (19

l-pog’
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lows the direct test of these recipes. In the next section we 12 - 40
use the approach for a more realistic 3D model of amphiphi- :
lic systems. 10
130
1. THE 3D MODEL nb 8 —_
As in the 1D mean-field treatment, our 3D appro&6h E 6 120 S'_e_/
describes the microscopic or mesoscopic molecular aggre- “§ 0,
gates in water as inhomogeneous density distributions, 4| :
treated within the density-functional formalism and using an - {10
approximation for the Helmholtz free-energy density func- 2l :
tional, F[p], based on an effective molecular interaction W
model. The model effective interaction should include both L
effects: the solvatation forces induced by the water and the 0 1 2 4 5 6 7 8
changes in the entropy associated to the configurations of the R/o R/o

flexible tails. We proposed a uniaxial effective pairwise po-

tential, with the head-tail asymmetry described by a unit vec- FIG. 4. On the left-hand side the typical micellar density profile
tor 0, along the molecular axis, which is written as obtained forBu=—6.2 in the neighborhood of the CMC. On the
right-hand side the effective interaction potential between micelles.
Dotted line: free-energy excess coming from the hard molecules
core. Full line: full potential including the solvatation force from
the soft anisotropic interactions.

As the simplest choice of a repulsive isotropic interaction,

which only depends on the distance between the molecular N . .

centersy ,;=|ry| =|r,—r4|, we take it to be the hard-sphere Flp(r.0)]= Fhip(r)]ijBTJ drydlyp(ry)e(ry,0y)
potential,®,(r), with a sphere diametes; (which we take ~

as the unit length The anisotropic part may be written as a Xlog[4ma(ry,0y)]

general expansion in spherical harmonics. In our case we

include only the two first terms which do not couple the +3 fdrldoldrzdﬂzp(rl,ﬂl)

orientation of the two molecules,

D(ro—rq,05,05) =Dpry) +Py(ry,0,0,).  (16)

Xp(ra,07)®4(rpq,0q,05). (18

Do(rp,01,00)= >, Di(rp) The first term is the density functional for the hard-sphere
i=12 fluid; it depends on the density distributiop(r), and it is
(L E e approximated by a well-tested nonlocal density functional
XPi(Gy-Ta) + Pi(= 0 Fa) ], (47) [11]. The second term is the rotational entropy and the third
one is the mean-field contribution of the anisotropic interac-
wheref,;=r,,/r,; andP;(x) are the Legendre polynomials. tions; they depend on the position and molecular orientation
The first coefficient function of the anisotropic part was distribution, p(r,0), with a(r,0)=p(r,0)/p(r).
taken as an empty core Yukawa potential, The grand free energf)[p(r,0)] always has a local
minimum for a homogeneous density distribution, in which
C our model follows the thermodynamics of a hard-sphere sys-
d,(r)y=—exd —Nr—o)] tem. At low temperature and density there appear other local
r minima: self-maintained local inhomogeneities, with sharp
oscillatory density distributionp(r), and orientational dis-
for r=0 and null inside the hard core<o. The second tributions that are qualitatively comparable with the layering
coefficient function in Eq(17) is taken to be proportional to and orientations of the real membranes and micelles.
the first, ®,(r)=qd(r). Thus, the model has three free = We first study the diluted regime, without interactions be-
parametersC, \, andq to represent the molecular interac- tween the aggregates, as done in previous pddess With
tions. As we have shown in our previous paper these paranthe model parameters given above, the minimizatior{2of
eters may be tuned to represent different properties: the di=F— uN gives a local minimum with spherical symmetry,
mensionless paramet@C may be regarded as the inverse whose radial density distribution is given in Figat As
temperature or as the representation of a series of differemtiscussed in previous papers, this inhomogeneous density
amphiphiles studied at fixed room temperature; the parandistribution represents a micelle with the molecular hydro-
eter\ controls the number of molecules in the micelles; fi- phobic tails pointing towards the origin. The excess number
nally, the main effect of the parametgiis thatq>0 favors  of molecules over the diluted bulk densityNg,~47, and it
the bilayer structures with respect to the micellar structureshas excess internal ener@E .~ —536 and Helmholtz free
which are more stable foq=0. All the results presented energyBF.,,~—291, with little variations with the chemical
here are folno=2, q=0.3, and theBC=6.3885 isotherm.  potential aroung3u~ —6. The configurational unit volume
The Helmholtz free-energy density functional is approxi-is estimated by Eq(3) to be v ,=exp(—5.2)0>=0.0055
mated by and the CMC is predicted for chemical potentigj=
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—6.5. At the same isotherm there is a local minimum(bf 05
=F—uN with planar symmetry that represents a bilayer
membrang 6], which would become stablg@.e., with zero
excess grand potentjagt chemical potentialgu~ —5.3.
However, the presence of the CMC at low@s pre-empts
the formation of free bilayer membranes in the diluted re- & 3

gime, because before reaching this valge, the system b
would become a dense micellar fluid and the steric effects =
between the aggregates have to be included. Q 0.21

The micelle-micelle interaction has two different contri-
butions, coming from the two terms in the molecular inter-
actions(16). The first one describes the direct steric repul- 0.1
sion between amphiphile molecules while the second one
represents the solvation forces in the water bath. The later

0.0 1 1 1 1 L ]

produces an effective soft-repulsive potential between two -8 -7 -6 -5 —4 -3 =2
micelles, which may be calculatédlways in the mean-field
approximation from the the density distributions of the ag- B/,l,

gregates as

FIG. 5. Equation of state of our 3D model: total density versus
chemical potential. The solid line follows the density of the equi-
librium phase: micellar fluid, micellar solid, and lamellar phase,
with vertical jump at the first-order phase transitions. Dotted line:

@AB(I’)= % f drldﬂldl’zdsz

Xp(ry,G1)p(ra, ) Py(r’,0,0z) metastable lamellar phase. Dashed line: metastable micellar crystal.
= > dr,d0,drop(rq,01)p(ro) dp(r'’) total density ajBu=—6.1 in Fig. 5. The pressure calculated
k=12, for the solid phase in Fig. 6 becomes larger than that of the
XP(r")P(Gy-F), fluid at_the same <_:hem|cal potential, |_nd|cat|ng_that the solid
phase is stable with respect to the micellar fluid.
wherer’=r,+r—r,. This potential is shown in Fig.(8), We now turn to study a dense phase that does not have

together with the free-energy excess coming from the haraicellar structure. This is the lamellar structure made by
molecular cores, as a function of the distance between thgtacking planar bilayer membranes in a periodic structure
centers of the two micelles. Clearly, the effective micelle-along one direction. As commented above, the critical aggre-
micelle interaction is dominated by the solvation forces,gation concentration CAC for the formation of free bilayer
which create a soft repulsion between micelles at distance®embranes was, for our present choice of the temperature
beyond direct hard-core molecular contact between the tw@nd the molecular interactions, at higher concentrations than
aggregates. the CMC. We extend the search for inhomogeneous struc-
The excess free energyf(p,,) in Eq. (4) produced by tures minimizing Q=F— uN with the density-functional
this soft-repulsive potential may be approximated by an ef-
fective hard core with diameter,,, as usually is done in the —2-
theory of simple liquid$12]. We have employed the Barker-
Henderson choice to determine a hard-sphere diameter inde-
pendent of the density, which in the explored isotherm is =31
on,=6.60. The excess free energyf is then given by the
Carnahan-Starling approximati¢t2], with a packing frac-

tion ny,= pm'n'of]’q/G. 3. —
With the data for~,, andv,, in Eq. (2), and the choice of Q.
o, for Af, the free energy of the micellar flui@) is com- —54

pletely determined and we get the total amphiphile density
pt=Nmpmtpp, and the pressurep, as functions of the

chemical potential, shown in Figs. 5 and 6. The sharp in- —6-
crease of botlp, andp at Bu~ —6.5 shows the CMC as a
guasiphase transition, with a large increase of the total con-
centration for very small changes in the chemical potential.
When the micelle packing fraction reaches the valhyg
=0.49 the hard-sphere fluid, representing the micelles, ﬂp 0-3

would crystallize in the fcc structure. The equation of state

has to be changed from the the Carnahan-Starling approxi- FG. 6. Chemical potential vs pressure phase equation of state.
mation, valid for the fluid, to one of the available approxi- solid line: lamellar phase. Dotted line: micellar fluid. Dashed line:
mations for the hard-sphere crysfaB]. The transition from  micellar crystal. The equilibrium phase is always the lowest line.
the dense micellar fluid to the micellar fcc crystal is a first-Note that on the scale of the figure the range of the stability of the
order phase transition represented by the small jump in théuid is very narrow, aroungp=0.
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5 7 micelle-micelle interaction potential in Fig.(l8) is much
softer that the repulsive part of the usual model potentials for
simple liquids, so that the description in terms of an equiva-
lent hard-sphere fluid may be less accurate. Using other ap-
16 proaches (like the method of Weeks, Chandler, and
Andersen[12]) to fix the effective hard-sphere diameter,
does not produce important changes in the predictions in the
micellar fluid, but its crystallization may be more affected,
including the possible existence of a bcc lattice. Moreover,
there are other possible dense phases that should be consid-
ered to get the global phase diagram, in particular the hex-
1a agonal phase made by two-dimensional packing of cylindri-
cal micelles is very likely to appear between the micellar and
. . L N . . the lamellar phases. In the diluted regime our model has
0 5 10 -5 -4 -3 =2 local minima of Q) with cylindrical symmetry and with the
R/IC su main characteristics of the cylindrical micelles, although
they are usually found to be stable at higher concentrations,
intermediate between the CMC for spherical micelles and the
CAC for the bilayer membranes. Their packing efficiency
should also be intermediate between spheres and planes, so
that the hexagonal structure may well be a stable phase for
our simple model, as it is in real amphiphiles. The free en-
ergy of this and other possible dense phases may in principle

a period which decreases f increases. The CAC in the D€ obtained from Eq(18), exactly in the same way as done

diluted regime, aBu~ — 5.3 corresponds to the divergence for thel lamellar phgse, i.e., direct minimization of the grgnq-
of the period in Fig. #), and asBu increases, the compress- potential energy with the relevant symmetry. The only diffi-

ibility of the lamellar phase decreases giving a flatter curveCUlly IS purely technical; the density distribution of the la-

in qualitative agreement with experimental results for neutra[N€!lar phase depends only on one coordinate, while that of
(unchargetiand isoelectric lipid$14]. The equation of state e hexagonal phase would depend on two variables, and
of this lamellar phase is obtained directly from the free-Other possible phases like bicontinuous structures would
energy functional18), without need of the second step of have three-dimensional un|_t cells. _The m|n|m|zat|o_r(bfor
statistics done for the micelles, and shown in Figs. 5 and 6 t(rJhese phases would require a higher comput_atlonal effort
compare with the later. Figure 5 shows than the density ofhan for the Iamellar phase but it would be similar from the
the lamellar phase increases very sharply at the Cag, 'undamental point of view.
~ —5.4, and it immediately reaches a density higher than the
micellar phases at the same chemical potential. However, the
pressure of the lamellar phase, Fig. 6, remains below that of We have described a microscopic approach that can be
the micellar crystal up t@u~ —3.8; at this crossing point used to determine the global phase diagram of amphiphilic
in the figure there is a first-order phase transition from thesystems. It combines two levels of description for the micel-
micellar crystal to the lamellar phase, with a large increase ittar phases and one level for the dense amphiphilic structures.
the density, as indicated in Fig. 5. This transition is driven byWe have first compared the results of this approach to the
the balance between the optimal aggregation of the amexact results of a 1D CMC model. We have then considered
phiphile in micelleg(rather than in bilayer membraneadi-  a minimal 3D model that had been used before to study the
cated by having the CMC lower than the CAC, and the packdiluted amphiphile solutions. The conclusions of the present
ing efficiency of the planar bilayers, which is much higherpaper are twofold; first to show that the simple molecular
than that of the spherical micelles. The representation of thiteraction modelEgs. (16)—(18)] captures the main fea-
lamellar phase directly from the density functiorid8), in-  tures of real amphiphilic systems, with the formation of mi-
stead of the two consecutive levels used for the micellacelles at a low CMC, and the transition to other dense phases
fluid, is equivalent to what has been done and tested in thas the poor packing efficiency of these spherical structures
simple 1D model of Sec. Il for the dense ordered phase, anthakes them unfavorable. This is a typical problem in soft-
we may expect that the approach should be even more accuendensed matter, with two levels of molecular organization
rate in this 3D case, as the global role of the correlationglaying relevant roles at the same temperature, and it is in-
should become less important in higher dimension. teresting to find simple models with the same behavior. The
The sequence from low to high densities in our model ismolecular interaction parameters in our model may be quali-
then: isolated moleculesu(< —6.5)—micellar liquid (< tatively associated to the main features of real amphiphiles,
—6.1)—micellar crystal f<—3.8)—lamellar («>—3.8) thus the parametef corresponds roughly to the lengths of
phase. The last two transitions are true, first-order, thermaothe hydrophobic tails, so that at fixed temperature the CMC
dynamic transitions, unlike the first ofithe CMO), which is  decreases exponentially with increasibgand the parameter
a quasitransition. This sequence maps qualitatively very well] gives a measure of the size ratio between those tails and
with experimental results, Nevertheless, there are severglolar heads: low values af produce stable micelles and
points that would require future attention: the effectivehigher values produce stable bilayer membranes in the di-
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FIG. 7. On the left-hand side the typical lamellar density profile
obtained forBu= — 4.8 with lamellar period®_ =5¢. On the right-
hand side the variation of the lamellar peried, with the chemical
potential.

free energy(18) beyond the diluted limit of isolated bilayers,
to find periodic structures, like that shown in Fidajf with

IV. CONCLUSIONS
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luted regime. The study of dense phases within the moddlinctional used to obtain the structure of a single aggregate
should show whether the global phase diagrams of the modaind the thermodynamics of other dense phases, without ref-
are similar to those observed experimentally and how thegrence to any empirical parameter beyond those in the mo-
depend on the molecular interactions. lecular interaction model. In this respect, one could also use
The second conclusion of this paper is to validate thea theory different from the MF-DF one, like the self-
proposed approach to study the dense micellar phases withcansistent field theory for polymers, which has been recently
consistent two-levels approximation from a mean-field denapplied to dense amphiphilic systerfit5] and apply the
sity functional. The comparison with the exact results in thesame two-level approach to the micellar phases and the one-
simple 1D model and the application to the 3D model showlevel description for the hexagonal, lamellar, or bicontinuous
that the approach is both accurate and computationally fegzhases.
sible. Clearly the approach may be extended to more realistic
models of amphiphilic molecules and copolymers, taking
into account flexible tails or nonspherical hard cores. The
estimation of the configurational unit volume for the micelles  This work was supported by the DirecnicGeneral de
(3), and the mean-field effective interaction between themnvestigacim Cientfica y Tecnica of Spain, through Grant
[Eqg. (19)] are employed consistently with the free-energyNo. PB97-1223.
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